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' Abstract. Associated to the standard SUq{n) R-matrices, we introduce quantum spheres 

Sq"'~^: projective quantum spaces CP^'^^, and quantum Grassmann manifolds G'fc(C^). These 
O . algebras are shown to be homogeneous spaces of standard quantum groups and are also quantum 

. principle bundles in the sense of T. Brzeziiiski and S. Majid [1]. 



> • 1 Introduction 

cn . 

O ■ This paper gives a non-commutative generalisation of projective and Grassmann 

manifolds in the framework of quantum groups. Quantum groups are Hopf al- 

'nI" . gebras with and additional structure (quasitriangularity or its dual version) and 

can be employed to construct a very powerful type of non-commutative geometry. 

For an introduction to quantum groups and their numerous other applications see 

p • the review article [4] or the textbooks [7,2]. We use the notation and standard 

^ ■ constructions from [41. 

■ 

The standard SUq{n) R-matrices were given in [9] as 

^ : i?, = g-i/" \qY,Eu®Eu + Y, En ® E,j + {q - q-^) ^ E,, ®EjA,qe M. (1) 

Here Eij denote the elementary matrices with components {Eij)\ = 6']6\. These 
R-matrices are invertible solutions of the n-dimensional quantum Yang-Baxter 
equation and are of real type, i.e. obey i?„ = R^la- Furthermore, let eai...a„ = 
^ai...a„ _ ^_gy{cr)^ where l{a) is the length of the permutation cr(l, . . . , ra) = 
(oi, . . . , a„), and define quantum determinants as 



^^'^q,n — i^n tai...a„'' bi ■ ■ ■ 



a-n b„...bi 



The normalisation factor is = £ai...a„^"""'°^- 



In terms of these data, the quantum groups SUq{n) were defined in [9] as the 
quotients A{Rn) / detq_n=i- This algebra has well-known antipode S [9, Theorem 4] 
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and *-structure t"^ = St''^ such that tgf^ = g where t"^ = St and gl = g2(a-n)-i^a_ 
We also define quantum groups Ugi^ri) as the quotients of the algebras A{Rn) by 
the relations detq^ndet* ^^ = 1. For n = 1, one recovers the undeformed algebra 
of complex polynomial functions on f/(l), i.e. Uq{l) is the associative C-algebra 
generated by elements z and z* such that z* = z^^ . 

These quantum groups act covariantly on the algebra of quantum vectors V{Rn) 
with generators G {l,...,n} and relations v^v^ = \~^R^\iV^v^ . Here the 
normalisation factors are A„ = g^"^/". The coaction is given by v"^ ^ ® t^\. 
Similarly, the algebra of quantum covectors V*{Rn) has generators Xi, relations 
XiXj = xiXkX~^Rj'[p and coaction Xi Xk <S) t\. In terms of these algebras, 
we define = V{Rn)®y*{Rn) as their braided tensor product (See [5] for an 
introduction to braided geometry). For the braiding between V{Rn) and V*{Rn) 
we do not take the braiding induced by the coaction by SUq{n) as given in [6], 
but '^{xi ® v^) = v'^ ^ xiXnRj''ik, which differs from the S'f/g(n)-braiding by a 
factor A„, i.e. is the braiding induced by a suitable dilatonic extension of SUq{n). 
We equip this algebra with the *-structure (1 (g) Xa)* = f " ® 1 and define the 
quantum norm Ng^n = f " g^'a^b where g^^ = XnRn^a- The matrix R is defined as 
where ^2 denotes transposition in the second tensor component. Since 
Rn is of real type, g is symmetric and the quantum norm is real. It is known from 
[6, Theorem 3.6] that for any invertible solution R of the quantum Yang-Baxter 
equation the quantum norm is also central. For the R-matrices (|1|), this general 
construction reproduces the q-metric introduced above: one finds 

Rn = g'/" I g-' E ®Eu + Y.^ Eu ® % - (g - g-') E g"'^'"'^^u ® E,, j , 

and hence gl = g^*^""")"^(5''„. 

We will use the algebras to define quantum spheres and complex projective 
quantum spaces. These algebras are then recovered as base spaces of quantum 
principle bundles with Uq{n) and SUq{n) as structure groups. The appropriate 
definition of a quantum principle bundle was given by T. Brzezihski and S. Majid 
in [1, Definition 4.1]: an algebra P is a quantum principle bundle with structure 
quantum group A and base B if (i) A is a Hopf algebra, (ii) P is a left A-comodule 
algebra with coaction (3 : P ^ A® P, and (iii) B = P^ = {u E P : I3{u) = l®u} 
is the subalgebra of A-invariant elements of P. Additionally, there is a freeness 
and an exactness condition. However, if P is a quantum homogeneous space, i.e. 
if there is a Hopf algebra surjection n : P ^ A between Hopf algebras A and P 
and if additionally 

ker TT C -(kerTrlB ® P) (2) 
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then the freeness and exactness condition are automatically satisfied [1, Lemma 
5.2] and the quantum homogeneous space B = is a quantum principle bundle. 
In this case the map tt is called exact. 

2 Quantum spheres S^^^^ 

Quantum spheres are quotients of and feature as base spaces of various quan- 
tum principle bundles. 

DEFINITION 2.1 Quantum spheres S*!""-^ are defined as the quotients C^/ Ng,„=i- 

Due to the relation tgt"^ = g, the quantum spheres S'^"~^ are covariantly coacted 
upon by both Uq{n) and SUq{n). For the special cases where n equals 1 or 2, one 
finds: 

EXAMPLE 2.2 S] ^ Ug{l) and ^ SUg{2) as *-algebras. 

Proof. The first isomorphism is trivial and the second one is easily established by 
rescaling of the generators of 5*^. This isomorphism only holds if one introduces 
the normalisation factor A2 in the definition of the braiding in C^. ■ 

PROPOSITION 2.3 There are n *-algebra injections i^ : ^^n-i ^ Uq{n). 

Proof. In this proof, there is no summation over the variable m. Define the 
maps im by Xa ^ t"^. By inspection of ([1|) one finds RrTS = q^~^^"'5''^5"^ and 
hence the relations in imply q^-^/^'t'^t'^ = R^"'^t''J,% = t'^t'^R^'^i^, i.e. the 

generators t"^, a E {1, . . . ,n} obey the relations of V*{Rn). Since Rn is of real type, 
the generators t^''^, a G {1, . . . , n} then obey the l^(i?„)-relations. Next note that 
the relations in A{Rn) can be written as t^R^'^^^^t'^g = t^^R^°g^J:'^^ ^ and hence with 

RnZg = g'-'^^'V^ one finds tTtt.^ = K^^H RJ^^f^, = q^-^'-K%t^Ltl- 
Thus the relations between and t^-^^ reproduce the braiding between V{Rn) and 
V*{Rn) given above. This is the place where one needs the normalisation factor A„ 
in the definition of the braiding. Finally note, that t'^°'^g\t'^ = Xnt'^°'rn^n\J'l, = 

maps im are *-algebra injections. ■ 

For the construction of quantum principle bundles over these quantum spheres we 
need the following lemma: 
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LEMMA 2.4 There are surjective *-Hopf algebra morphisms 

a„ : Ug{n) Ug{n - 1) 

-fn'. SUq{n) SUg{n-l). 



Proof. By inspection of (0) one finds that for i,j > 1, R^^i = -^n-i (fc-ixl-i) ^^"^ 
also that R^^\j = q^-^/''5\5). Thus the elements f^;z,j G {2, of A(i?„,) 

obey the relations of y4(_R„_i) and the quotient maps by the ideal generated by 
t\ = 1 and t\ = t\ = 0,i G {2, ...,n} are surjections A(i?„) — > A(_R„_i). 
These quotient maps also have the property detg^n ^ detg^n-i and thus descend 
to surjective *-Hopf algebra maps Ug{n) — > Uq{n — 1) and SUg{n) SUg{n — 1), 
which we denote by a„ and 7„, respectively. ■ 



THEOREM 2.5 The Hopf algebra Ug{n) is a quantum principle bundle with 
base Sg"'~^ and structure quantum group Ug{n — 1); 

^2„-l ^ f/^(^)C/,(n-l) (3) 

The left covariant coaction ofUq{n — l) on Uq{n) is given by {an®id)oA in terms 
of the morphism an from lemma \2.^ . 



Proof. The subalgebra of Ug{n — l)-invariant elements of Ug{n) is generated by 
t\,i G {l,...,n} and their conjugates. Proposition |2]^ then implies @. Since 
kera„ = kera„|^2n-i the maps are exact in the sense of and the quantum 
homogeneous space is a quantum principle bundle. ■ 

One can repeat this construction with the maps 7^ : SUq{n) SUg{n) from 
lemma to establish that SUq{n) is also a quantum principle bundle over a 
quantum sphere: 



THEOREM 2.6 The Hopf algebra SUg{n) is a quantum principle bundle with 
base Sg"'"^ and structure quantum group SUg{n — 1): 

The left covariant coaction of SUg{n — 1) on SUq{n) is given by (7„ ® id) o A. 



3 Complex projective quantum spaces 

We now turn our attention to complex projective spaces which are defined as 
?7q(l)-covariant subalgebras of quantum spheres Sg^~^. For this purpose note 
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that by virtue of lemma |2.4| , the right covariant *-coaction (3 : C"^ ^ Uq{n) 

descends to a covariant [/g(l)-coaction defined as {id ® (02 o 0:3 o . . . o o (3. 
This coaction is given exphcitly by 1— > ® -2 and also descends to a covariant 
*-coaction on 5*^""^. 

DEFINITION 3.1 Complex projective quantum space CP" is defined as 

the subalgebra of Uq{l) -invariant elements of the quantum sphere Sg"'~^. 

Since quantum projective spaces are merely subalgebras of quantum spheres 5^""^, 
they are also covariantly coacted upon by SUq{n) and Uq{n). Note also that their 
relations are independent of the normalisation factor which we introduced in 
the definition of C^, i.e. at this stage one could work with the standard SUq{n)- 
braiding. 

For the construction of quantum principle bundles on these complex projective 
quantum spaces we need the following lemma: 

LEMMA 3.2 There are a surjective * -H op f algebra morphisms 

6n:SUq{n)^Uq{n-l). 

Proof. The proof is similar to the proof of lemma The maps 5„ are defined 
hke /?„ with the only difference that 5n{t\) = (detq^n-i)*- ■ 

THEOREM 3.3 The Hopf algebra SUq{n) is a quantum principle bundle with 
base CPg~^ and structure quantum group Uq{n — 1): 

The coaction of Ug{n — 1) on SUq{n) is given by (5^ ® id) o A. 

Proof. In this case, invariant generators are products t^\t^j,i,j G {l,...,n} 
which generate the subalgebra of f/y(l)-invariant elements of S^"^'^, i.e. CP^~^. 
The kernel of 5n is generated by )f:\ and t\, where i e {2, . . .n} and the kernel 
of the restricted map ker5„|^pn-i has generators t^t^-'i where either i or j is 
larger that 1. The exactness of Sn is then established by the trivial observation 
= ■{t^\t)®t^\) and the relation t\ = t\t^\g)t\ = X^Rj^/{t\g)t\ = 
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■(t^^it\ ® XnRn''if9^j^\)- Here we used the formulae from the proof of proposition 
p.3| and the fact that for 27^!, Rn\f is non-zero only if c? 7^ 1. ■ 

As a corollary of theorem |2]^ one finds with definition |3]1| that complex projective 
quantum spaces CP^ can also be regarded as homogeneous quantum spaces of 
U,{n): 

THEOREM 3.4 The Hopf algebra Uq{n) is a quantum principle bundle with 
base CPg and structure quantum group Uq{l) Uq{n — 1); 

The covariant coaction hj Uq{l) ® Uq{n — 1) is given explicitly in the next section, 
where we generalise this construction to quantum Grassmann manifolds. 

We now restrict our attention to the case of n = 2. In this case, the algebra 
SUq{2)^'^^^^ is a deformation of the two-sphere and was already discussed by P. 
Podles in [8], where it was denoted by S"^. As a corollary of theorem |3.3| we hence 
find: 

COROLLARY 3.5 Projective quantum space CP^ is isomorphic to Podles's quan- 
tum sphere S^. 

The n = 2 case is also in the undeformed case quite remarkable since all spaces 
involved are spheres: SU{2) ^ S^, U{1) = and CP^ = S'^. The correspond- 
ing principle bundle is the celebrated Hopf fibration of the three sphere. In the 



quantum case one finds with example and theorem 3.3: 



COROLLARY 3.6 ( Hopf fibration of the quantum 3-sphere) There is a 
quantum principle bundle 

Si - {Slfl (4) 

The quantum homogeneous space (|D was already discussed in [11], although not 
as quantum principle bundles, an appropriate definition of which was only given 
a few years later. 



4 Quantum Grassmann manifolds 

The construction encountered in theorem |3.4| can be generalised to give a definition 
of quantum Grassmann manifolds as quantum principle bundles. For this purpose, 
we prove the following lemma: 
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LEMMA 4.1 There are surjective *-Hopf algebra morphisms 



ak,n ■■ Uqin) Uq{k) ® Uq{n - k). 
Proof. Note that for i,j < n, R^\i = R^-n^i, i.e. the elements t^^;i,j G 



{1, . . . ,n — 1} of A{Rn) obey the relations of A{Rn-i). Similar to lemma 
one can thus define surjective *-Hopf algebra morphisms a'^^ : Uq{n) — > Uq{n — 1) 
by dividing by t\ = 1 (no summation!) and = f„ = 0, i G {1, . . . , n — 1}. The 
maps ((afc+i o • • • octn) ® o . . . oa^)) o A are then the required *-Hopf 

algebra maps ak^n- ■ 



The covariant coaction hy Uq{l) ®Uq{n — 1) on Uq{n) from theorem |3.4| is given by 
{(^i,n®'id) o A. However, the real merit of this lemma is that it leads to a straight- 
forward generalisation from quantum projective spaces to quantum Grassmann 
manifolds: 



DEFINITION 4.2 Quantum Grassmann manifolds are defined as the quantum 
principle bundles 

where the covariant coaction is given by {ak,n ®id) o A. This definition includes 
the case of projective quantum spaces as Gi(Cg) = CP^. 

A useful set of generators of G'fe(Cg) is given by the elements 

{.^ci...Ck't^a^ ■ ■ ■ t\) {£di...dkt ■ ■ - t hj, 

where q, di E {I, . . . , k} and ai,bi G {1, . . . , n}. 

An earlier paper by E. Taft and J. Towber [10] (see also [3]) presented a related 
approach to quantum Grassmann manifolds and studied the algebra generated 
by elements edi...dkt\ . . -f^bk^ where the tl are the generators of A{Rn) and not 
of the quotient Uq{n). Thus a quotient of a subalgebra of the algebra from [10, 
Proposition 3.4] is the quantum Grassmann manifold GkiC^)- 
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